Dissipative Kerr solitons can be generated within an existence region defined on a space of normalized pumping power versus cavity-pump detuning frequency. The contours of constant soliton power and constant pulse width in this region are studied through measurement and simulation. Such isocontours impart structure to the existence region and improve understanding of soliton locking and stabilization methods. As part of the study, dimensionless, closed-form expressions for soliton power and pulse width are developed (including Raman contributions). They provide isocontours in close agreement with those from the full simulation, and, as universal expressions, can simplify the estimation of soliton properties across a wide range of systems. Temporal optical solitons resulting from the balance of dispersion with the Kerr nonlinearity have long been studied in optical fiber systems [1, 2] . In addition to their many remarkable properties, these nonlinear waves are important in modelocking [3], continuum generation [4], and were once considered as a means to send information over great distances [5, 6] . Recently, a new type of dissipative temporal soliton [7] was observed in optical fiber resonators [8] . These coherently driven cavity solitons (CSs) were previously considered a theoretical possibility [9] , and related soliton phenomena including breather solitons and Raman interactions have also been reported in this system [10] [11] [12] . While leveraging the Kerr effect to balance dispersion, this soliton also regenerates using Kerr-induced parametric amplification [13] . Their recent demonstration in microcavity systems [14] [15] [16] [17] [18] [19] [20] has made possible highly stable frequency microcombs [21, 22] . Referred to as dissipative Kerr solitons (DKs) in the microcavity system, soliton phenomena including the Raman self-shift [23] [24] [25] , optical Cherenkov radiation [16, [25] [26] [27] [28] , multisoliton systems [29] [30] [31] , and the cogeneration of new types of solitons [32] have been reported. Moreover, the compact soliton microcomb devices are being studied for systems-on-a-chip applications such as dual-comb spectroscopy [33, 34] , precision distance measurement [35, 36] , optical communications [37] , and optical frequency synthesis [38] .
Temporal optical solitons resulting from the balance of dispersion with the Kerr nonlinearity have long been studied in optical fiber systems [1, 2] . In addition to their many remarkable properties, these nonlinear waves are important in modelocking [3] , continuum generation [4] , and were once considered as a means to send information over great distances [5, 6] . Recently, a new type of dissipative temporal soliton [7] was observed in optical fiber resonators [8] . These coherently driven cavity solitons (CSs) were previously considered a theoretical possibility [9] , and related soliton phenomena including breather solitons and Raman interactions have also been reported in this system [10] [11] [12] . While leveraging the Kerr effect to balance dispersion, this soliton also regenerates using Kerr-induced parametric amplification [13] . Their recent demonstration in microcavity systems [14] [15] [16] [17] [18] [19] [20] has made possible highly stable frequency microcombs [21, 22] . Referred to as dissipative Kerr solitons (DKs) in the microcavity system, soliton phenomena including the Raman self-shift [23] [24] [25] , optical Cherenkov radiation [16, [25] [26] [27] [28] , multisoliton systems [29] [30] [31] , and the cogeneration of new types of solitons [32] have been reported. Moreover, the compact soliton microcomb devices are being studied for systems-on-a-chip applications such as dual-comb spectroscopy [33, 34] , precision distance measurement [35, 36] , optical communications [37] , and optical frequency synthesis [38] .
Regions of stability and existence are well known in driven soliton systems [39] . These properties of DKs and CSs have been studied using the Lugiato-Lefever (LL) equation [9, 40] in a space of normalized pumping power and cavity-pump frequency detuning [14, [41] [42] [43] . In analogy with thermodynamic phase diagrams, this soliton existence diagram also contains other regions of existence including those for breather solitons as well as more complex dynamical phenomena [44] [45] [46] . Figure 1 is a typical diagram showing only the stable soliton region. In thermodynamic phase diagrams another useful construct is the isocontour for processes performed with a state variable held constant (e.g., isochors and isotherms) [47] . These contours not only provide a way to understand processes within the framework of the phase diagram but impart structure to the phase diagram that improves intuition of thermodynamical processes. In this Letter, contours of constant soliton power and constant pulse width are measured and compared to theory. Closed-form expressions for normalized power and pulsewidth that include the Raman process are also developed.
The normalized LL equation is shown below as Eq. (1) [14] . The slowly-varying field envelope ψ is defined such that jψj 2 2g∕κN where N is photon number, κ is the cavity mode power damping rate, and g ℏω 2 c cn 2 ∕n 2 V 0 is the Kerr coefficient with material refractive index n, Kerr nonlinear index n 2 , optical mode volume V 0 , cavity resonant frequency ω c , Planck's constant ℏ, and speed of light c. τ ≡ κt∕2 and θ ϕ ffiffiffiffiffiffiffiffiffiffiffiffiffi κ∕2D 2 p are the normalized time and cavity polar coordinate (ϕ) where D 2 is the second-order dispersion parameter [14, 15] . f 2 ≡ P∕P th is the ratio of the input pump power and parametric threshold power [13, 15] , and ζ ≡ ω c − ω p 2∕κ is the normalized frequency detuning between cavity resonant frequency ω c and pump
is the normalized Raman coefficient where τ R is the material Raman constant [24] and D 1 ∕2π is the cavity free-spectral range [14, 15] . Eq. (1) is as follows:
high-Q silica resonator, and parameters used in the calculation are provided below and in the Fig. 1 caption. Numerical simulation is based on propagating the LL equation from an initial soliton seed until steady state is achieved [24] . The following simplified analytical solution for the soliton is also used to study soliton behavior [14] : ψ A B sechθ∕τ θ e jϕ 0 , where A is the soliton background field, B is the amplitude, ϕ 0 is the soliton phase, and τ θ ≡ τ s ∕τ 0 is the normalized soliton pulse width (τ s is the physical pulse width and τ 0 ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
. By Fourier transform the soliton spectrum in optical frequency ν varies as sechν∕ν s where ν s τ s π −2 . Approximate expressions giving the Raman-free dependence of amplitude and pulse width on detuning and pump power have been developed [14, 48] . By including highorder corrections and Raman corrections, improved expressions result as well as an expression for soliton average power,
where p ≡ P sol ∕P 0 is the normalized time-averaged soliton power P sol and P 0 ≡ κ E ℏω c ∕πg ffiffiffiffiffiffiffiffiffiffiffiffiffi κD 2 ∕2 p with κ E the optical loss rate from waveguide-resonator coupling [15] . As an aside, the requirement of the square root to be real in these expressions (ζ < π 2 f 2 ∕8) gives the approximate upper bound of detuning for soliton existence in the phase diagram [14, 39, 49] . Dotted lines in Fig. 1 are the isopower contours using Eq. (4) (equivalently pζ, f , γ Constant for γ 2.1 × 10 −3 ), and they are in excellent agreement with the simulation contours. Raman contributions become especially important at larger detuning values where the soliton spectrum increases in width [23, 24] . To illustrate this point, the dashed curves in Fig. 1 result by using Eq. (4) except with γ 0.
The experimental setup is shown in Fig. 2(a) . The resonator was an ultrahigh-Q silica wedge resonator having a diameter of approximately 3 mm (free spectral range D 1 ∕2π 21.9 GHz). Further details on its fabrication are described in Ref. [50] . The measurement used the TE 1 mode family pumped at 1550 nm and the second-order dispersion was measured to be D 2 ∕2π 12.1 kHz at 1550 nm by a method reported elsewhere [15] . The mode area was calculated to be A eff 40 μm 2 , and the silica Raman constant τ R 2.4 fs was also used [24] ; this is valid when the soliton spectral width is below 13 THz [51] . Finally, the resonator used in this measurement featured minimal avoided mode crossings and dispersive waves. Their presence would interfere with the ideal power dependence predicted by the LL equation. To measure pump detuning, weak phase-modulation of the pump light and detection of converted amplitude modulation sidebands were performed [43, 52] . In this method, pump light reflected by the fiber Bragg grating (FBG) contains the modulation information and is analyzed by an electrical spectrum analyzer (ESA) to retrieve the detuning frequency. The soliton spectrum transmitted past the FBG is sent to a detector and optical spectrum analyzer (OSA) for analysis. To determine soliton power the FBG filtered line was manually reinserted.
Triggering and locking of single soliton states used the soliton average power to servo control the pump laser frequency [53] . Because this soliton locking method maintains a constant soliton power it provides a convenient way to map out the isopower contours. Specifically, as opposed to varying ζ, f 2 in the phase diagram and monitoring soliton power, the isopower measurement proceeded by varying only the pumping power with the soliton locked at constant output power. The servo control then compensates for these variations by adjusting the pumping frequency. The corresponding detuning was then recorded as described above. Pump power was varied using a combination of an acousto-optical modulator (AOM) and erbium-doped fiber amplifier (EDFA). Upon completion of an isopower contour, the soliton power setpoint was adjusted and the measurement repeated. The measured isopower data points are shown in the main panel of Fig. 1 . Each measurement proceeded until it was no longer possible to reliably lock the soliton state. There is overall good agreement between measurement and theory. Errors are largest at lowest detuning values; however, even here they are relatively small (∼10%). The ability to measure the contours over such large ranges and their good agreement with theory and simulations showcase the systems robustness and quality. As an additional test, a second loading condition was also measured. The inset to Fig. 1 shows this data, which are in reasonable agreement with the simulation and Eq. (4). Measured soliton powers have experienced a ∼1.2 dB insertion loss between the resonator and the detector. It is also noted that breather solitons could be stably locked near the upper boundary in Fig. 1 . However, the region was small. As a result, breathers were not studied in this work.
Stable generation of solitons at small detuning is of practical importance for low pumping power operation of the soliton system. To this end, the green data point (ζ 8.0, f 2 9.0) in Fig. 1 shows both the lowest detuning and the lowest power soliton state observed in this study. The corresponding unnormalized quantities are 4.2 MHz and 10.8 mW. This is, to the authors' knowledge, the lowest operating power reported for any soliton microcomb platform. Making this result equally important is that the repetition rate is detectable (21.9 GHz) requiring large mode volume and hence higher pumping power levels compared to, for example, terahertz-rate microcombs.
Corresponding soliton spectra are presented in Fig. 2(b) . The result was achieved by both the use of a high-quality-factor resonator sample as well as the improved understanding gained through these measurements of the stability regional boundaries [53] . For comparison, a soliton spectrum produced at (ζ 21, f 2 53) is also shown in Fig. 2(b) . These values are plotted as the light blue data point in Fig. 1 and correspond to unnormalized quantities 11.3 MHz and 63.5 mW. The cavity loading condition for these two spectra is: loaded Q 182 million and κ E ∕κ 0.44.
In parallel with the isopower data point collection, the soliton pulse width was also measured by fitting of the optical spectral envelope [15] . Then the data set ζ, f 2 , τ θ was linearly interpolated to determine isocontours of pulse width (blue contours in Fig. 3) . It was not possible to interpolate isopulsewidth contours at lower detuning values where there are fewer isopower data points. For comparison, simulated pulse width (red) and the analytical expression, Eq. (3) (dotted black), are plotted. The interpolated pulse width isocontours are less accurate than the directly measured power contours but nonetheless show reasonable agreement between the data and theory. Overall, the pulse width contours are more weakly dependent upon normalized pumping power (i.e., more vertical) compared to the soliton power contours.
In summary, contours of constant power and constant pulse width have been measured for dissipative Kerr solitons. Measurements were found to be in good agreement with the LL equation numerical model augmented by Raman interactions. There was also good agreement with the predictions of closed-form expressions that include the Raman interaction. Compared to the large-detuning approximation that predicts that soliton power depends only upon resonator-pump detuning (i.e., vertical isopower contours), it is found that soliton power depends both upon pumping power and detuning. The resulting tilt of isopower contours at low detuning suggests that soliton locking by servo control of pumping power could potentially be an option for low-detuning ranges just as servo control of pump frequency is used at larger detuning ranges. Stable soliton operation for pump powers as low as 10.8 mW was also demonstrated in this work. These measurements provide structure to the phase diagram picture of soliton existence. The universal nature of the closed-form expressions should make them suitable for use in other CS and DK soliton platforms. Future work could consider incorporating higher-order dispersion into the analysis to include, for example, the impact of phenomena such as dispersive waves.
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